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1. INTRODUCTION
The notion of multi-valued contraction was first introduced and studied
w xby Nadler 13 . Since then various well known results on fixed points were
extended to multi-valued mappings which generally associate each point of
 .the metric space X, d to a closed subset of X.
w xRealizing that most of the maps are nonself, Assad and Kirk 2 gave
sufficient conditions for such mappings to ensure the fixed point by
proving a result on multi-valued contractions in complete metrically con-
w xvex spaces which were extended to generalized contractions by Itoh 8 .
w x w xKhan 11 also extended the results of Itoh 8 to a pair of multi-valued
mappings.
While proving results on the common fixed point of mappings and
multi-valued mappings one often requires either commutativity or some
w xweak conditions of commutativity which can be seen in 1, 3]7, 10, 14, 17 .
w x w xHere using such conditions of Hadzic and Gajic 5 and Hadzic 6 , we
prove theorems on the common fixed point of mappings and multi-valued
w xmappings which in turn generalize results due to Assad and Kirk 2 , Itoh
w x w x w x8 , Rus 15 , Khan 11 , and many others.
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2. PRELIMINARIES
 . w xFor a metric space X, d , the following are borrowed from Nadler 13 .
 .  .  4I CB X s A : A is a non-empty bounded closed subset of X ;
 .  4  . C X s A : A is a non-empty compact subset of X ; BN X s A : A is
4a non-empty bounded subset of X .
 .II For A, B in X,
d A , B s inf d a, b a g A , b g B 4 .  .
d X , A s inf d X , a a g A 4 .  .
d A , B s sup d a, b a g A , b g B 4 .  .
H A , B s max sup d a, B a g A , sup d A , b b g B . 4 .  .  .
 w x.  .It is well known cf. Kuratowskii 12 that if X, d is complete then so
  . .is CB X , H .
 w x.  .DEFINITION 2.1 Assad and Kirk 2 . A metric space X, d is said to
 .be metrically convex if for any x, y in X with x / y there exists a point z
 .in X x / z / y such that
d x , z q d z , y s d x , y . .  .  .
w xLEMMA 2.2 2 . Let K be any non-empty closed subset of a complete
 .metrically con¨ex metric space X, d then for any x g K and y f K there
 .exists a point z g dK the boundary of K such that
d x , z q d z , y s d x , y . .  .  .
 w x.  .LEMMA 2.3 Nadler 13 . Let A, B be in CB X . Then for all e ) 0 and
 .  .a g A there exists a point b g B such that d a, b F H A, B q e . If A, B
 .  .  .are in C X then one can find b g B such that d a, b F H A, B .
 w x.  .LEMMA 2.4 Rus 15 . Let A be in CB X and 0 - u - 1. Then for any
x g A there exists a g A such that
d x , a G u d x , A and d x , a G u H x , A . .  .  .  .
w xThe following two lemmas are essentially from 15 .
 .LEMMA 2.5. For any A, B in CB X and x g X
d x , A y d x , B F H A , B . .  .  .
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LEMMA 2.6. For any x, y in X and A ; X
d x , A y d y , A F d x , y . .  .  .
DEFINITION 2.7. Let K be a non-empty closed subset of a metric space
 .  .X, d . A mapping F : K ª CB X is said to be continuous at x g K if0
 .for any e ) 0 there exists a d ) 0 such that H Fx, fx - e whenever0
 .d x, x - d . If F is continuous at every point of K then we say that F is0
continuous on K.
 w x.DEFINITION 2.8 Hadzic and Gajic 5 . Let K be a non-empty subset of
 .  .a metric space X, d , F : K ª CB X , and T : K ª X. Then the pair
 .F, T is said to be weakly commuting if for every x, y in K such that
x g Fy and Ty g K
d Tx , FTy F d Ty , Fy . .  .
For a single-valued mapping F, this definition reduces to that of Sessa
w x16 .
 w x.DEFINITION 2.9 Hadzic 6 . Let K be a non-empty subset of a metric
 .  .  .space X, d , F : K ª CB X , and T : K ª X. Then the pair F, T is said
 4to be compatible for every sequence x in K and from the relationn
lim d Fx , Tx s 0 and Tx g K .n n n
nª`
it follows that
lim d Ty , FTx s 0 .n n
nª`
 4for every sequence y in K such that y g Fx .n n n
For single-valued mappings F and T the notion of compatibility was
w xintroduced by Jungck 9 . Obviously a weakly commuting pair of mappings
w xis compatible but not conversely as demonstrated in Jungck 9 .
w xOn the lines of Khan 11 , we introduce the following
DEFINITION 2.10. Let K be a non-empty subset of a metric space
 .  .  .X, d , F, G : K ª CB X , S, T : K ª X. Then the pair F, G is said to be
 .  .a generalized S, T -contraction pair of K into CB X if there exists
non-negative reals a , b , g with a q 2b q 2g - 1 such that for every x, y
in K
H Fx , Gy F a d Tx , Sy q b d Tx , Fx q d Sy , Gy .  .  .  .
q g d Tx , Gy q d Sy , Fx . .  .
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DEFINITION 2.11. Let F, G, S, and T have the same meaning as in
 .  .Definition 2.10. Then the pair F, G is said to be a generalized S, T -con-
 .tractive pair of K into CB X if there exists non-negative reals a , b , g
 .with 0 F a q 2b q 2g - 1 such that for every x, y g K with x / y
H Fx , Gy - a d Tx , Sy q b d Tx , Fx q d Sy , Gy .  .  .  .
q g d Tx , Gy q d Sy , Fx . .  .
Remark 1. If F and G are single-valued mappings then we simply say
 .  .  . .that F, G is a generalized S, T -contraction S, T -contractive pair of
K into X.
3. MAIN RESULTS
First we prove the following.
 .THEOREM 3.1. Let X, d be a complete metrically con¨ex metric space
 .  .and K a non-empty closed subset of X. If F, G is a generalized S, T -con-
 .traction pair of K into CB X satisfying
2
a q b q g 1 q b q g r 1 y b y g - 1 .  .  .
such that
 .i dK : SK l TK ; FK l K : SK , GK l K : TK,
 .ii Tx g dK « Fx : K, Sx g dK « Gx : K,
 .  .  .iii F, T and G, S are weakly commuting pairs.
 .iv T and S are continuous on K,
then there exists a point z in K such that z s Sz s Tz g Fz l Gz.
 . .  .2Proof. If u s a q b q g 1 q b q g r 1 y b y g s 0 then the
theorem holds trivially. Next if u ) 0, then we proceed to construct the
 4  4sequences x and y in the following way.n n
Let x g dK. Since dK : TK , there exists a point x g K such that0
x s Tx . From the implication Tx g dK « Fx : K, we conclude that Fx0 0
: K l FK : SK. Let x g K be such that y s Sx g Fx : k. Since1 1 1 0
y g Fx , there exists a point y g Gx such that1 0 2 1
1 y b y g
d y , y F H Fx , Gx q u . .  .1 2 0 1  /1 q b q g
AHMAD AND IMDAD550
Suppose y g K. Then y g K l GK : TK which implies that there2 2
exists a point x g K such that y s Tx . Otherwise if y f K, then there2 2 2 2
exists a point p g dK such that
d Sx , p q d p , y s d Sx , y . .  .  .1 2 1 2
Since p g dK : TK, there exists a point x g K such that p s Tx and so2 2
d Sx , Tx q d Tx , y s d Sx , y . .  .  .1 2 2 2 1 2
Let y g Fx be such that3 2
1 y b y g
2d y , y F H Gx , Fx q u . .  .2 3 1 2  /1 q b q g
 4Thus repeating the above arguments, we obtain two sequences x andn
 4y such thatn
 .I y g Gx , y g Fx ,2 n 2 ny1 2 nq1 2 n
 .II y g K « y s Tx , or y f K « Tx g d K and2 n 2 n 2 n 2 n 2 n
 .  .  .d Sx , Tx q d Tx , y s d Sx , y ,2 ny1 2 n 2 n 2 n 2 ny1 2 n
 .III y g K, y s Sx , or y f K, Sx g dK, and2 nq1 2 nq1 2 nq1 2 nq1 2 nq1
 .  .  .d Tx , Sx q d Sx , y s d Tx , y ,2 n 2 nq1 2 nq1 2 nq1 2 n 2 nq1
 .  .  .  . IV d y , y F H Gx , Fx q 1 y b y g r 1 q b q2 ny1 2 n 2 ny1 2 ny2
.. 2 ny1  .  .  . g u , d y , y F H Fx , Gx q 1 y b y g r 1 q b q2 n 2 nq1 2 n 2 ny1
.. 2 ng u .
We denote
 4P s Tx g Tx : Tx s y 40 2 i 2 n 2 i 2 i
 4P s Tx g Tx : Tx / y 41 2 i 2 n 2 i 2 i
 4Q s Sx g Sx : Sx s y 40 2 iq1 2 nq1 2 iq1 2 iq1
 4Q s Sx g Sx : Sx / y . 41 2 iq1 2 nq1 2 iq1 2 iq1
 .  .First we show that Tx , Sx f P = Q and Sx , Tx f Q =2 n 2 nq1 1 1 2 ny1 2 n 1
P .1
If Tx g P then y / Tx and we have Tx g dK which implies2 n 1 2 n 2 n 2 n
that y g Fx : K. Hence y s Sx g Q . Similarly, one can2 nq1 2 n 2 nq1 2 nq1 0
 .argue that Sx , Tx f Q = P .2 ny1 2 n 1 1
We distinguish the following cases.
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 .Case I. If Tx , Sx g P = Q , then2 n 2 nq1 0 0
d Tx , Sx .2 n 2 nq1
s d y , y .2 n 2 nq1
1 y b y g
2 nF H Fx , Gx q u .2 n 2 ny1  /1 q b q g
F a d Tx , Sx q b d Tx , Sx q d Sx , Tx .  .  .2 n 2 ny1 2 n 2 nq1 2 ny1 2 n
q g d Sx , Tx q d Tx , Sx q d Tx , Tx .  .  .2 ny1 2 n 2 n 2 nq1 2 n 2 n
1 y b y g
2 nq u /1 q b q g
so that
a q b q g u 2 n
d Tx , Sx F d Sx , Tx q . .  .2 n 2 nq1 2 ny1 2 n /1 y b y g 1 q b q g .
 .Similarly, if Sx , Tx g Q = P , we can show that2 ny1 2 n 0 0
a q b q g u 2 ny1
d Sx , Tx F d Tx , Sx q . .  .2 ny1 2 n 2 ny2 2 ny1 /1 y b y g 1 q b q g .
 .  .Case II. If Tx , Sx g P = Q , then by III , we have2 n 2 nq1 0 1
d Tx , Sx F d Tx , y s d y , y .  .  .2 n 2 nq1 2 n 2 nq1 2 n 2 nq1
and it follows from Case I that
a q b q g u 2 n
d Tx , Sx F d Sx , Tx q . .  .2 n 2 nq1 2 ny1 2 n /1 y b y g 1 q b q g
 .Similarly, if Sx , Tx g Q = P , then we have2 ny1 2 n 1 0
a q b q g u 2 ny1
d Sx , Tx F d Tx , Sx q . .  .2 ny1 2 n 2 ny2 2 ny1 /1 y b y g 1 q b q g .
 .Case III. If Tx , Sx g P = Q , then Sx s y . Hence2 n 2 nq1 1 0 2 ny1 2 ny1
proceeding as in Case I, we have
d Tx , Sx s d Tx , y .  .2 n 2 nq1 2 n 2 nq1
F d Tx , y q d y , y .  .2 n 2 n 2 n 2 nq1
F 1 q g d Tx , y q a q g d Sx , Tx .  .  .  .2 n 2 n 2 ny1 2 n
q bd Sx , y q b q g d Tx , Sx .  .  .2 ny1 2 n 2 n 2 nq1
1 y b y g
2 nq u . /1 q b q g
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 .  .  .As 0 - u - 1 and d Sx , Tx q d Tx , y s d Sx , y ,2 ny1 2 n 2 n 2 n 2 ny1 2 n
d Tx , Sx F 1 q g d Sx , y q bd Sx , y .  .  .  .2 n 2 nq1 2 ny1 2 n 2 ny1 2 n
1 y b y g
2 nq b q g d Tx , Sx q u , .  .2 n 2 nq1  /1 q b q g
giving thereby
1 q b q g u 2 n
d Tx , Sx F d Sx , y q . .  .2 n 2 nq1 2 ny1 2 n /1 y b y g 1 q b q g
Now since Sx s y and Tx / y , as in Case II, we have2 ny1 2 ny1 2 n 2 n
a q b q g u 2 ny1
d Sx , Tx F d Tx , Sx q . .  .2 ny1 2 n 2 ny2 2 ny1 /1 q b q g 1 q b q g .
Combining the above two inequalities, we obtain
a q b q g 1 q b q g
d Tx , Sx F d Tx , Sx .  .2 n 2 nq1 2 ny2 2 ny1 /  /1 y b y g 1 y b y g
u 2 ny1 u 2 n
q q .
1 y b y g 1 q b q g
Thus, if we denote z s Tx , z s Sx , we have2 n 2 n 2 nq1 2 nq1
a q b q g u n¡
d z , z q or .ny1 n /1 y b y g 1 q b q g~d z , z F .n nq1 ny1 nu u
u d z , z q q . .ny2 ny1¢ 1 y b y g 1 q b q g
w x w xNow on the lines of Itoh 8 it can be shown that the sequence z isn
w xCauchy and hence converges to a limit point z. Thus, as noted in 5 , there
w x w xexists at least one subsequence Tx or Sx which is contained in2 n 2 n q1k k
P or Q , respectively.0 0
w xSuppose there exists a subsequence Tx which is contained in P for2 n 0k w  .xeach k g N. Since S is continuous, the sequence S Tx converges to2 nk
 .Sz. On using the weak commutativity of the pair G, S , we have
y s Tx g Gx l K , Sx g K2 n 2 n 2 n y1 2 n y1k k k k
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and so
d STx , GSx F d Sx , Gx F d Sx , Tx .  .  .2 n 2 n y1 2 n y1 2 n y1 2 n y1 2 nk k k k k k
which yields
d Sz , GSx ª 0 when k ª `. .2 n y1k
 4Now, in order to show that y ª z, consider2 n q1k
1 y b y g
2 nkd y , y F H Fx , Gx q u .  .2 n q1 2 n 2 n 2 n y1k k k k  /1 q b q g
F a d Tx , Sx .2 n 2 n y1k k
q b d Tx , y q d Sx , Tx .  .2 n 2 n q1 2 n y1 2 nk k k k
q g d Tx , Tx q d Tx , y .  .2 n 2 n 2 n 2 n q1k k k k
1 y b y g
2 nkq u . /1 q b q g
The preceding inequality reduces to
1 y b y g d y , y F f k , .  .  .2 n q1 2 nk k
 .  .where f k ª 0 as k ª `. Therefore d y , y ª 0 so that y2 n q1 2 n 2 n q1k k k
ª z since y ª z.2 nk
Further since y g Fx l K and Tx g K, the weak commutativ-2 n q1 2 n 2 nk k k
 .ity of the pair F, T yields
d Ty , FTx F d Tx , Fx F d Tx , y .  .  .2 n q1 2 n 2 n 2 n 2 n 2 n q1k k k k k k
which implies that
d Tz , FTx ª 0 when k ª 0. .2 nk
Now, in order to show that Sz s z, consider
d Sz , y F d Sz , GSx q H GSx , Fx .  .  .2 n q1 2 n y1 2 n y1 2 nk k k k
F d Sz , GSx q a d SSx , Tx .  .2 n y1 2 n y1 2 nk k k
q b d SSx , GSx q d Tx , y .  .2 n y1 2 n y1 2 n 2 n q1k k k k
q g d SSx , y q d Tx , Sz .  .2 n y1 2 n y1 2 nk k k
qd Sz , GSx .2 n y1k
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and on letting k ª `, we get
d z , Sz F a q 2g d z , Sz , .  .  .
which implies that Sz s z.
To show that z s Tz, consider
a Tz , y F Tz , FTx q H FTx , Gx .  .  .2 n 2 n 2 n 2 n y1k k k k
F d Tz , FTx q a d TTx , Sx .  .2 n 2 n 2 n y1k k k
q b d TTx , FTx q d Sx , Tx .  .2 n 2 n 2 n y1 2 nk k k k
q g d TTx , Tx q d Sx , Tz q d Tz , FTx .  .  .2 n 2 n 2 n y1 2 nk k k k
which on letting k ª `, gives
d z , Tz F a q 2g d z , Tz .  .  .
implying thereby z s Tz.
To show that z g Fz, consider
d z , Fz s d Sz , Fz .  .
F d Sz , GSx q H GSx , Fz .  .2 n y1 2 n y1k k
F d Sz , GSx q a d SSx , Tz .  .2 n y1 2 n y1k k
q b d SSx , GSx q d Tz , Fz . .2 n y1 2 n y1k k
q g d SSx , Fz q d Tz , GSx .  .2 n y1 2 n y1k k
which on letting k ª `, yields
d z , Fz F b q g d z , Fz .  .  .
implying thereby z g Fz, as Fz is closed.
To show that z g Gz, consider
d z , Gz F H Fz , Gz .  .
q a d Tz , Sz q b d Tz , Fz q d Sz , Gz .  .  .
qg d Tz , Gz q d Sz , Fz s b q g d z , Gz .  .  .  .
which implies that z g Gz, as Gz is closed.
Thus we have shown that z s Tz s Sz g Fz l Gz.
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 4If the sequence Sx is contained in Q , then proceeding as above2 n q1 0k
we can show that z s Tz s Sz g Fz l Gz. This completes the proof.
w xRemark. For S s T s I , we get Theorem 3.1 of Khan 11 .k
THEOREM 3.2. If in Theorem 3.1 we add the continuity of F and G and
replace ``weak commutati¨ ity'' by ``compatibility'' then there exists a point z in
K such that Tz s Sz g Fz l Gz.
 4Proof. Proceeding as in Theorem 3.1, we get a Cauchy sequence zn
 4converging to a point z in K. Consequently, the subsequences z s2 n
 4  4  4Tx and z s Sx also converge to the point z.2 n 2 nq1 2 nq1
 4As argued earlier, suppose there exists a subsequence Tx such that2 nk
Tx g P for every k g N.2 n 0k
We now show that Sz g Gz. Since Tx g Gx l K and Sx g2 n 2 n y1 2 n y1k k k
K, we have
d Gx , Sx F d Tx , Sx ª 0 as k ª `, .  .2 n y1 2 n y1 2 n 2 n y1k k k k
 .which together with the compatibility of G, S gives that
lim d STx , GSx s 0. .2 n 2 n y1k kkª`
From the inequality
d STx , Gz F d STx , GSx q H GSx , Gz .  .  . .2 n 2 n 2 n y1 2 n y1k k k k
and since G is H-continuous and S is continuous, on letting k ª `, we
get
d Sz , Gz s 0, .
which implies that Sz g Gz as Gz is closed.
To show that Tz g Fz, we know from the proof of Theorem 3.1 that
lim y s z and lim Ty s Tz .2 n q1 2 n q1k kkª` kª`
Now since y g Fx l K and Tx g K, it follows that2 n q1 2 n 2 nk k k
d Fx , Tx F d y , Tx ª 0 as k ª ` .  .2 n 2 n 2 n q1 2 nk k k k
 .which by the compatibility of F, T implies
lim d Ty , FTx s 0. .2 n q1 2 nk kkª`
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From the inequality
d Ty , Fz F d Ty , FTx q H FTx , Fz .  .  .2 n q1 2 n q1 2 n 2 nk k k k
and since F is H-continuous, T is continuous, on letting k ª `, it follows
that
d Tz , Fz s 0, .
giving thereby Tz g Fz as Fz is closed. Again
d Tz , Sz F H Fz , Gz .  .
F a d Tz , Fz q b d Tz , Fz q d Sz , Gz .  .  .
q g d Tz , Gz q d Sz , Fz .  .
F a q 2g d Tz , Sz .  .
which implies that Sz s Tz. Thus we have proved that Tz s Sz g Fz l Gz.
 4If the sequence Sx is contained in Q , then proceeding as above,2 n q1 0k
we can prove that Sz s Tz g Fz l Gz. This completes the proof.
w xRemark. Theorem 3.2 reduces to Theorem 1 of Hadzic 6 if we set
S s T and b s g s 0.
w xThe following result generalizes a theorem of Khan 11 whose proof can
be produced on the lines of Theorem 3.1.
 .THEOREM 3.3. Let X, d be a complete metrically con¨ex metric space
 .and K be a non-empty closed subset of X. Let F, G be a generalized
 .  .  . . S, T -contraction pair of K into C X . If a q b q g 1 q b q g r 1 y b
.2  .  .y g - 1 and conditions i ] iv of Theorem 3.1 hold then there exists a
point z in K such that z s Tz s Sz g Fz l Gz.
As every Banach space is metrically convex, the following result for
single-valued mappings is immediate.
COROLLARY 3.4. Let X be a Banach space and K be a non-empty closed
 .  .subset of X. Let F, G be a generalized S, T -contraction pair of K into X.
 . .  .2  .  .If a q b q g 1 q b q g r 1 y b y g - 1 and conditions i ] iv of
Theorem 3.1 hold then F, G, S, and T ha¨e a common fixed point.
w xOur next theorem extends Theorem 3.4 of Khan 11 which in turn
w xgeneralized a result of Itoh 8 .
 .THEOREM 3.5. Let X, d be a complete metrically con¨ex metric space
 .and K a non-empty compact subset of X. Let F, G be a generalized
 .  .  . . S, T -contracti¨ e pair of K into CB X . If a q b q g 1 q b q g r 1 y
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.2b y g - 1, Fx l Gx / f for all x in X, F and G are continuous on K,
 .  .and conditions i ] iv of Theorem 3.1 hold, then there exists a point z in K
such that z s Sz s Tz g Fz l Gz.
Proof. Following the procedure described in Theorem 3.1, we construct
 4  4  4the sequence x and y . Let x be the subsequence such thatn n nk
Tx s P and Sx s Q , i.e., y s Tx and y s Sx .2 n 0 2 n q1 0 2 n 2 n 2 n q1 2 n q1k k k k k k
For the sake of convenience we denote x by x . Let f : K ª Rqn nk
 .  . w  .  .xnon-negative reals defined by f x s 1r2 d Tx, Fx q d Sx, Fx . Then
using Lemma 2.5 and Lemma 2.6 and the continuity of S, T , F we have for
x, y g K
f x y f y F 1r2 d Tx , Fx y d Ty , Fx .  .  .  .
q d Ty , Fx y d Ty , Fy .  .
q d Sx , Fx y d Sy , Fx .  .
q d Sy , Fx y d Sy , Fx .  .
F 1r2 d Tx , Ty q d Sx , Sy q H Fx , Fy . .  .  .
Thus f is continuous on the compact set K. Let z g K be such that
 .   . 4 w xf z s inf f x : x g K . Then proceeding as in Theorem 3.4 of Khan 11
 .with suitable modification, we can show that f z s 0. Thus, we get
10 s f z s d Tz , Fz q d Sz , Fz .  .  .2
giving thereby Tz g Fz, Sz g Fz.
 4  4  4Again we take x such that Tx s P and Sx s Q . Thenn 2 n 1 2 n q1 1k k k
w xalso following Khan 11 with suitable modification, we can show that
 .  .f z s 0 implying thereby Tz g f z , Sz g Fz.
 .  .  .Further d Tz, Gz F d Tz, Fz q H Fz, Gz s 0. This gives Tz g Gz.
Similarly we can show that Sz g Gz.
 .  .Now d Tz, Sz F H Fz, Gz s 0, giving thereby Tz s Sz. Finally
d Tx , Tz F H Fz , Gz .  .2 n 2 ny1
F a d Tz , Sx q bd Sx , Tx .  .2 ny1 2 ny1 2 n
q g d Tz , Tx q d Sx , Tz .  .2 n 2 ny1
which on letting n ª `, yields
d z , Tz F a q 2g d z , Tz . .  .  .
Implying thereby z s Tz.
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Thus we have shown that z s Tz s Sz g Fz l Gz which completes the
proof.
w xRemark. For S s T s I , we get Theorem 3.4 of Khan 11 .K
4. EXAMPLES
Now we give an example to demonstrate the validity of the hypotheses
of Theorem 3.1
EXAMPLE 4.1. Let X be the set of reals equipped with Euclidean
 4 w xmetric and K s y3 j 0, 1 . We define the mappings
w xy3 x , x g 0, 1
Tx s  51, x s y3
w xy3.1 x x g 0, 1
Sz s  51, x s y3
x¡ ¦w xy , 0 , x g 0, 1~ ¥2Fx s¢ § 4  40 , x s y3, 1
x¡ ¦w xy , 0 , x g 0, 3r3.1~ ¥4Gx s .¢ §w x 4  40 , x s y3 j 3r3.1, 1
w x  4 w x  4It is easy to see that TK s y3, 0 j 1 , SK s y3.1, 0 j 1 , and dK s
 4y3, 0, 1 ; TK l SK. Furthermore
1  4FK s y , 0 « K l FK s 0 ; SK 2
3  4GK s y , 0 « K l GK s 0 ; TK . 12.3
Now
 4T1 s y3 g dK « F1 s 0 ; K
 4T 0 s 0 g dK « F0 s 0 ; K
 4T y3 s 1 g dK « F y3 s 0 ; K .  .
and
 4S 3r3.1 s y3 g dK « G 3r3.1 s 0 ; K .  .
 4S 0 s 0 g dK « G0 s 0 : K .
 4S y3 s 1 g dK « G y3 s 0 ; K . .  .
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 .  .By routine calculation we can show that F, G is a generalized S, T -
contraction pair with a s 2r3, b s g s 1r24 and also that the pairs
 4  4  .F, T and G, S are weakly commuting. We observe that O T s S g0 0 0
F l G .0 0
EXAMPLE 4.2. We furnish the following example to justify the degree of
w xgenerality of Theorem 3.1 over Theorem 1 of Hadzic 6 .
w x  .Let X s K s 0, 1 with the usual metric. Define F s G : X ª CR X
w  .xas Fx s Gx s 0, xr 1 q 2 x and S s T : X ª X as Sx s Tx s x for all
x.
 . w x w x  .Note that F X s 0, 1r3 : 0, 1 s T X . Since FTx s TFx for all x
 4hence F, T is a weakly commuting pair. A routine calculation verifies
 .that F is a generalized T contraction pair of K into CB X for suitable a ,
b , and g . Thus all the conditions of Theorem 3.1 are satisfied and 0 is the
unique common fixed point of F and T.
w xHowever, the contractive condition of Hadzic 6 does not hold other-
wise for x s 0 and 0 - y F 1 one should get
y
F ky
1 q 2 y
which implies 1 F k, as y ª 0, contradicting the fact that k - 1.
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